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THE SINGULARITIES OF THE PARAMETER
SURFACE OF A MINIMAL ELLIPTIC THREEFOLD
Antonella Grassi
Tufts University
Let pi : X → S be an elliptic fibration between smooth varieties. If dim(X) = 2,
then X can be assumed minimal and KX can be expressed as the pullback of
a divisor from S. Moreover S cannot be changed birationally. These observations
were the first step in Kodaira’s analysis of singular fibers [Kd]. In higher dimensions
the birational geometry of the total space is more complicated and the parameter
space can be modified birationally.
If X has dimension 3 and is not uniruled, then X has a minimal model (with
terminal singularities) [Mo]. In earlier work [G1] we have shown that there exists
a birationally equivalent elliptic fibration p¯i : X¯ → S¯ such that X¯ is minimal and
KX¯ ≡ p¯i
∗(KS¯ + Λ¯) (§0), [G1]. Moreover S¯ has at worst quotient singularities; it is
not difficult to find examples where S¯ is actually singular.
In this paper we study the singularities of this parameter surface S¯. Although S¯
is not uniquely determined by the birational equivalence class of the fibration, any
two such S¯’s are related by a particular kind of birational map (0.4).
The following result covers the case of no multiple fibers.
Theorem 4.5. Let pi : X → S and S¯ be as above and assume that pi does not have
multiple fibers outside a set of codimension 2. Then the only exceptional graphs of
the minimal resolution of S¯ are Hirzebruch-Jung strings of type <n, q>, n ≤ 6.
In particular all the possible dual graphs are represented by the full circles in
Tables 2, 3, 4.
In §3 we present examples of all these <n, q> other than n = 5, q = 2, 3, 4.
If we allow multiple fibers things are more complicated.
Kawamata [Ka5] has shown that any quotient singularity can occur on S¯. In his
examples S¯ has only one singular point p, p¯i−1(p) is a multiple fiber, and the elliptic
fibration is isotrivial outside p. Moreover Dolgachev has shown me an example
where S¯ has a singular point p, p¯i−1(p) is a multiple fiber, and the elliptic fibration
is not isotrivial outside p. However also in this case the only divisors of singular
fibres passing through p are the ones of multiple fibers.
I would like to thank J. Kolla´r and D. Morrison for offering valuable suggestions
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The following corollary is a consequence of Theorem 4.5.
We start with any elliptic fibration X0 → S0 and take a suitable birational
equivalent fibration X → S of smooth varieties (see 0.3). Then the birational map
φ : S → S¯ is actually a morphism.
Corollary 4.7. Assume that all the exceptional curves for φ which are image of
multiple fiber divisors have zero intersection with curves image of non multiple sin-
gular divisor. Then:
(4.7) χ(OX) = −
1
2
{[KS¯ + φ∗pi∗(KX/S)] · φ∗pi(KX/S)−
∑
p∈V
(1− 1/np)},
where V = {p ∈ U such that the fiber over the general point of φ−1(p) is not multiple }.
φ∗pi∗(KX/S) does not depend on the original choice of the birational model.
This formula generalizes to the 3-dimensional case the formula for the Euler
characteristic for an elliptic surface p : S → C, namely: χ(OS) = deg p∗KS/C .
If the fibration does not have multiple fiber, then χ(OX) = −
1
2{(KS¯ + Λ¯) · Λ¯ −∑
p∈V (1− 1/np)}.
For example if the Kodaira dimension ofX is equal to 0, then χ(OX) = 1/2
∑
p∈V (1−
1/np). (KX¯ ≡ p¯i
∗(KS¯ + Λ¯), see §0.) Other applications of this results can be found
in [G1]
The hypothesis of the above Corollary is always satisfied if pi does not have
multiple fibers outside a set of codimension 2.
0. Background results, notations and first properties.
Background.
Let pi : X → S be an elliptic fibration between smooth varieties.
Definition. Set:
ΣX/S = {P ∈ S such that pi is not smooth over P}
(the ramification divisor of pi)
ΣomX/S = {P ∈ ΣX/S such that pi
−1(P ) is a multiple fiber} and ΣmX/S the closure
of ΣomX/S .
We write Σ (resp. Σm) for ΣX/S (resp Σ
m
X/S) when the fibration is well
understood.
We denote by J∞ the divisor of poles of the elliptic modular function J.
The following theorems hold:
Theorem 0.1 [F2]. Let pi : X → S be an elliptic fibration between smooth varieties.
Assuming that the modular function J extends to an holomorphic map S → P1, then
mKX = pi
∗(mKS +mpi∗(KX/S) +m
∑
(
mi − 1
mi
Yi)) +mE −mG
where the fiber over the general point of Yi is a multiple fiber of multiplicity mi, m
is a multiple of the {mi}’s; mE and mG are effective divisors.
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Theorem 0.2 [Ka2]. Let pi : X → S be an elliptic fibration between smooth vari-
eties. Suppose that the ramification locus is a divisor with simple normal crossings.
Then the modular function J extend to a holomorphic map S → P1, 12pi∗(KX/S) is
an invertible sheaf and 12pi∗(KX/S) ∼= OS(
∑
12aiDi)⊗ J∞.
Di are irreducible components of Σ and 0 ≤ ai < 1 the rational numbers corre-
sponding to the type of singularities over the general point of Di and are described
explicitly in [Kd].
If we write J∞ =
∑
bjBj , then J has a pole of order bj along Bj .
For convenience, we give the following:
Definition. Let pi : X → S be an elliptic fibration between smooth varieties.
Assume that Σ is a divisor with simple normal crossings. Define:
∆X/S =
∑
12aiDi + (1/12)J∞
ΛX/S = ∆X/S +
∑ mi − 1
mi
Yi;
When there is no danger of confusion, we denote these simply by ∆ and Λ respec-
tively. Λ is thus a Q-divisor.
Note that [Λ] = 0, where [x] denotes the integral part of x (see 0.2); 12mΛX/S is
a divisor supported on ΣX/S .
In this notation we have
(0.1’) mKX = pi
∗m(KS +Λ) +mE −mG.
Theorem 0.3 [G1]. Let X0 → S0 be an elliptic threefold which is not uniruled.
Then there exist a birationally equivalent fibration p¯i : X¯ → S¯, such that X¯ has
at worst terminal and S¯ log terminal singularities. Furthermore KX¯ is nef and
KX¯ ≡ p¯i
∗(KS¯ + Λ¯); Λ¯ is the Q-divisor defined below.
Sketch of the proof. Let X˜ → S˜ be a birational equivalent fibration of smooth
varieties. Let X1 → S be a flat model of the fibration and X a non singular model
of X1. Denote by pi : X → S the induced fibration. Assume that ΣX/S (the
ramification divisor of pi) is a divisor with simple normal crossings.
SinceX is not uniruled, κ(X) is non-negative [Mi] and on some suitable birational
model, some multiple of KS + Λ is an effective divisor. Then there exists a unique
surface S¯, a divisor Λ¯ and a morphism φ : S → S¯ such that KS¯ + Λ¯ is nef and
φ∗(KS¯+Λ¯)+
∑
ciΓi is the Zariski decomposition of KS+Λ [Za], [Sa]. Furthermore
Λ¯ = φ∗(Λ), and S¯ has at worst log terminal singularities: φ is a log terminal
contraction, because [Λ] = 0 [KMM, §5.1.5.].
In particular if KS +Λ is not nef, then there exists a log extremal curve Γ1 such
that (KS+Λ) ·Γ1 < 0, and a morphism φ1 : S → S1. We successively construct the
objects φi : Si−1 → Si where φi is the log extremal contraction associated to the log
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extremal curve Γi. All such Γi are rational curves [Ka4], [Br]. φ is the composition
of these log extremal contractions (a log contraction). Now we can apply relative
Mori’s theory [Mo] to the fibration X → S¯, and this concludes the proof. 
Given S and Λ as in (0.3), S¯ is uniquely determined [Sa, Thm 1.4]. However, the
parameter surface of a minimal elliptic fibration is not uniquely determined by the
birational equivalence class of the fibration:
Proposition 0.4. Let p¯ii : X¯i → S¯i, i = 1, 2 be 2 birationally equivalent elliptic
fibrations with X¯i minimal and KX¯i ≡ p¯i
∗(KS¯i + Λ¯i), ∀i. Denote by ϕ : S¯1 99K S¯2
the corresponding birational map. Then (KS¯i + Λ¯i) ·Γ = 0, for every curve Γ which
is ϕ or (ϕ)−1-exceptional.
Proof. Let qi : Y → X¯i the a resolution of the graph of the map µ : X¯1 99K X¯2.
Then q∗1(KX¯1) = q
∗
2(KX¯2) [Ko, 4.4].
Consider a curve Γ ϕ-exceptional and any curve C1 ⊂ X¯1 dominating Γ. Let C˜
be the strict transform of C1 on Y . Then by commutativity of the diagram:
0 = (KS2 + Λ2) · (p¯i2 · q2)∗(C˜) = KX¯2 · (q2∗C˜) = KX¯1 · C1 = (KS1 +Λ) · Γ.

More generally the following holds:
Propostion 0.5. Let p¯i2 : X¯2 → S¯2 be an elliptic fibrations with X¯2 minimal. Let
p¯i : X¯1 → S¯1 be a minimal model of X¯2 obtained as in (0.3). Although the birational
map X¯2 99K S1 is not in general an elliptic fibration, there exists a birational mor-
phism τ : S¯1 → S¯3 such that the induced birational map ρ : X¯2 → S¯3 is not only a
morphism but an elliptic fibration.
Furthermore, for every curve Γ which is τ exceptional, there is a curve C ⊂ X¯1
dominating Γ included on the exceptional locus of the birational map X¯1 99K X¯2
and additionally (KS¯1 + Λ¯) · Γ = 0.
Proof. Then statement is obvious if S¯2 → S¯1 is a morphism. Otherwise consider
the graph:
S
f1 ւ ց f2
S¯1
ϕ
99K S¯2
Let F ⊂ S be the union of the exceptional locus of f1 and f2. Since the question is
local we can assume F connected. Let V ⊂ S¯3 be an open set contaning f1(F ).
Consider the set of curves {Ci} ⊂ X¯i which are included in the exceptional locus
of µ and dominate a curve Γ ⊂ f1(F ). Then 0 = KX¯i · Ci = (KS1 + Λ1) · Γ, [Ko,
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4.5]. Let τ : S¯1 → S¯3 the contraction of all such curve Γ and
Y
q1 ւ ց q2
X¯1
µ
99K X¯2
↓ p¯i1 p¯i2 ↓
S¯1
φ
99K S¯2
τ ց
S¯3
be a resolution of the graph of the map µ : X¯1 99K X¯2. Then
ρ(x) =
{
τ · f1 · f
−1
2 (p¯i2(x)) if p¯i2(x) /∈ f2(F )
τ · p¯i1 · q1 · q
−1
2 (x) if p¯i2(x) ∈ f2 · f
−1
1 (V )
defines a rational elliptic fibration X¯2 99K S¯3. We need to show that ρ is actually a
morphism. Assume that P ∈ X¯2 is a fundamental point of ρ and let
W
p1 ւ ց p2
X¯2
ϕ
99K S¯3
be the corresponding graph: note that p1 is a birational map. The commutativity
of the diargam and Zariski’s Main Theorem imply that p−11 (P ) is connected and
has dimension 0, see for example [Ha2, 5.2]. Then ρ is actually a morphism. 
Since two-dimensional log terminal singularities are quotient [Ka4], the excep-
tional graphs on the minimal resolution of S¯ must be part of the Brieskorn’s list of
surface quotient singularities [Br].
If the fibration does not have multiple fibres singularites of S¯ occur when the
Q-divisor ∆ = pi∗(KX/S) is not nef.
Because of the connection with the Cn,m conjecture [Ka6] and the birational
classification of varieties, different notions of “positivity” of the direct image of the
relative dualizing sheaf have been introduced and studied. Here is a list of some
“positivity” results that are relevant to the case of elliptic fibrations:
Theorem [Ka1]. Let g : T →W be any surjective morphism between non singular
projective varieties where the ramification divisor Σ has simple normal crossings
and the local monodromies of Rg∗CX0 are unipotent. Then g∗(KT/W ) is locally free
and semipositive.
6 A. Grassi
Theorem [Kz]. An algebraic fiber space with simple normal crossings branching
has unipotent monodromies if it is semistable in codimension 1.
These result show that all monodromies being unipotent, or “most” fibers reduced
with simple normal crossings, is a sufficient condition for pi∗KX/S to be nef; in the
case of an elliptic fibration of a surface over a curve, pi∗KX/S = ∆ has always
non-negative degree.
Note that, in the case of invertible sheaves, semipositive is equivalent to nef (see,
for example [Ha1] and/or [Ka3]).
Notations.
Throughout this paper, pi : X → S denotes an elliptic fibration between smooth
varieties, dim(X) = 3 and Σ = ΣX/S a divisor with simple normal crossings.
(0.4)We assume S to be simple normal crossings minimal, that is, any contraction
φ : S → S1 of a log extremal curve leads to S1 singular or ΣX/S1 not simple normal
crossings.
(0.5) Let E be an irreducible component of Σ. By abuse of notation we say that
E is of type ∗ if pi−1(P ) is a fiber of Kodaira type ∗, for general P ∈ E.
(0.8) A string of lenght r is a union C = ∪Ci of smooth rational curves Ci, such
that Ci · Cj = 1, for |i− j| = 1 and Ci · Cj = 0, for |i − j| > 1. A Hirzebruch-Jung
string is a string in the above sense with C2i ≤ −2, ∀i.
(0.9) Consider a string of log extremal curves of length r. Set S = S0 and denote
by ψi : Si−1 → Si, 1 ≤ i ≤ r the contraction of the log extremal curve Ei ⊂ Si−1,
and by ψ : S → Sr the composition of the contraction morphisms. Set Ek,0 = Ek
and let Ek,h ⊂ Sk−h−1 be the strict transform of Ek,h−1 .
The string is of type <n, q>, if <n, q> represents the continued fraction:
n
q
= b1 −
1
b2 −
1
· · · −
1
br
and (E1)
2 = −b1, (E2,1)
2 = −b2, · · · , (Er,r−1)
2 = −br.
For short we will write :
fk
gk
= bk −
1
bk−1 −
1
· · · −
1
b1
where fk and gk are positve integers defined by induction as follows:
(0.10)
{
f1 = b1
g1 = 1
and
{
bkfk−1 − gk−1 = fk
fk−1 = gk.
In fact, fkgk =
bkfk−1−gk−1
fk−1
= bk −
gk−1
fk−1
.
Note that gr
fr
= q
′
n
, where q′ < n and qq′ ≡ 1 mod n.
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(0.11)Kk will denote KSk , ∆ = ∆0, and ∆k will stand for (ψk−1)∗(∆Sk−1). Write
∆k−1 = ψ
∗
k(∆k) + αkEk, Kk−1 = ψ
∗
k(Kk) + βkEk,
and for some rational numbers αk and βk.
Thus:
Kk−1 · Ek = [ψ
∗
k(Kk) + βkEk] · Ek = βkE
2
k
∆k−1 · Ek = [ψ
∗
k(∆k) + αkEk] · Ek = αkE
2
k
(0.12) If S → S¯ is a log contraction, with S¯ singular and S smooth, we say that S
is the log extremal resolution of S¯. Throughall this paper all the singular surfaces S¯
are obtained by contracting log extremal curves and thus there exists a log extremal
resolution.
(0.13) If the rational map J : S → P1 induced by the elliptic fibration is constant
along a divisor E ∈ Σ, with value λ, we say that E has J -invariant λ, or, J(E) = λ.
Properties.
The following is a list of first properties of log extremal curves (see the proof of
Theorem 0.3):
Proposition 0.14.
(1) If Λ ·E ≥ 0, then (KS+Λ) ·E < 0 if and only if KS ·E < 0, that is E contracts
to a smooth point.
(2) Let E¯ be a log extremal curve on a singular surface S¯. If Λ¯ · E¯ ≥ 0, then the
contraction of E¯ “improves the singularity”.
(3) ∆ · E ∈ Z, for every curve E on S, because ∆ is the divisor associated to the
line bundle pi∗(KX/S).
(4) If ψ : S → S1 is a log-contraction to a smooth point, then (KS1 + ∆1) is a
Cartier divisor; consequently ∆1 · E is an integer for any curve E on S¯.
Proof. (1),(3), (4) follow from 0.3.
(2) Let φ : S → S¯ be the minimal log extremal resolution (see 0.12). If E denotes
the strict transform of E¯, then the assumptions imply KS · E < KS¯ · E¯ < 0.
Thus φ can can be re-factored, first contracting E to a smooth point.
1. Strategy
In §2 and §4 we investigate the singularities arising from contractions of log
extremal curves in Σ− Σm.
From now on, φ : S → S¯ denotes the contraction of all the log exceptional curves
Γ in Σ − Σm; then (KS + Λ) · Γ = (KS +∆) · Γ. The key point in the analysis of
such contractions is that Λ ·Γ ≥ ∆ ·Γ and that ∆ ·Γ has to be an integer [0.14, part
3].
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Our strategy is to factor the contraction morphism φ : S → S¯ into 3 morphisms
φ = ϕ1 · ϕ2 · ϕ3:
ϕ1 : S → S1 , ϕ2 : S1 → T , ϕ3 : T → S¯ .
(1) ϕ1 denotes the composition of contractions of successively log extremal
curves to smooth points and S1 is a smooth surface. Set ∆1 = ϕ1∗(∆).
(2) ϕ2 is the morphism associated to the contraction of log extremal Hirzebruch-
Jung curves. T is a singular surface and S1 is its minimal resolution. Set
∆T = ϕ2∗(∆1).
(3) ϕ3 denotes the contraction of all the remaining log extremal curves. Then
∆¯ = (ϕ3) ∗ (∆T ) = φ∗(∆).
The order of contraction of log extremal curves is arbitrary: this one has been
chosen because of its logical convenience. The argument is nevertheless general,
because the minimal surface (with log terminal singularities) associated to S and Λ
[Sa, Thm 1.4].
First we will set up a combinatoric contraction algorithm for (1) and (2) (in 2.2.,
2.5.) and then prove that all the curves contracted by ϕ3 have self-intersection
(−1) on the minimal resolution S1. We will show that if Ei is contracted by ϕ3 ,
then (KT +∆T ) · Eˆi = 0, where Eˆi is the strict transform of Ei on S1. These two
properties will allow us to re-factor ϕ2 ·ϕ3, first contracting Eˆi to a smooth surface
S′i1 and then applying the previous algorithm to the remaining contractions. This
process thus produces an iterative contraction algorithm; eventually φ is factored
as:
ϕ′1 : S → S
′ and ϕ′2 : S
′ → S′2 = S¯ ,
where S′ is the smooth minimal resolution of S¯ , ΣX/S′ is not a divisor with simple
normal crossings (if S 6= S′) and ϕ′2 contracts only Hirzebruch-Jung strings.
Note that ϕ′1 is not a log extremal contraction.
The contraction of ϕ1 (respectively ϕ2, ϕ3) will be denoted by the first (respec-
tively second and third) step.
In §2 and §4 we state and prove the major points in the algorithm; the technical
details are treated in §5.
2. The first two steps
First we consider the case of a log extremal curve on a smooth surface with J
invariant ∞.
The following proposition says that log extremal strings with J = ∞ do not
contract to singular points of S¯.
Proposition 2.2., 2.1 and 2.5. together form the basic for the combinatorics of
our contraction algorithm. In fact, 2.5. states that a log extremal curve E1 on a
smooth surface must have intersection −1 with (KS +∆) while 2.5. gives bounds
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on the self-intersection number of E1 and on the sum of the coefficients (in ∆) of
the intersecting curves.
The second parts of 2.2. and 2.5. tell us how to continue the contraction algo-
rithm in (1) and (2).
Proposition 2.1. Let pi : X → S be an elliptic fibration such that the J invariant
function extend to a morphism J : S → P1. Assume that J has a pole over a log
extremal curve B1 and denote by ψ1 : S → S1 the corresponding contraction.
(a) J : S1 → P
1 is a morphism ψ∗1(J
1
∞
) = J∞, where J
1
∞
denotes the divisor of
poles of J on S1.
(b) If S is smooth and ∆ · C ∈ Z, for all 1-cycle C on S, then (B1)
2 ≥ −2.
(B1)
2 = −2 only if the fiber over the general point of B1 is of type I
∗
a . If (B1)
2 = −1,
then ∆1 · C ∈ Z, for all 1-cycle C on S1.
(c) Let B1 and S1 be as in (b), with (B1)
2 = −2. Let B2,1 ∈ Σ be another curve such
that B2,1 ·B1 = 1 and B2 = (ψ1)∗(B2,1) is a log extremal curve on S1. Denote by ψ2 :
S1 → S2 the corresponding contraction. Then S2 is smooth and (KS+∆) ·B2,1 = 0.
Recall that is S is the smooth surface image of log extremal contractions, then
∆ · C ∈ Z, for all 1-cycle C on S. Note also that this agrees with [Kz].
Proof.
(a) Consider H a smooth irreducible element of J∞. Since H is a fiber of J,
H ·B1 = 0. Thus the statement follows directly from the definition.
(b) Write
∆ =
∑
aiDi + δ(B1)B1 + (1/12)J∞,
where Di 6= B1,∀i; δ(B1) = 1/2 when B1 is of type I
∗
a or δ(B1) = 0 when B1 is of
type Ia [Kd].
Set ∆1 = ψ∗(∆) and D¯i = ψ∗(Di). Thus ∆1 =
∑
aiD¯i + (1/12)J∞. We will
prove the statement comparing ∆ and ψ∗1(∆1). Set:
∆ = ψ∗1(∆1) + α1B1, α1 ≥ 0
Di = ψ
∗
1(D¯i)− γiB1, γi ≥ 0
It follows that (1/2)δ =
∑
aiγi + α1 and 0 ≤ α1 ≤ 1/2, with α1 = 1/2 only when
δ = 1/2 and γi = 0,∀i. Then (5.5) applies and 1/2 ≥ α = 1 +
1
(B1)2
. This shows
that (B1)
2 ≥ −2 and (B1)
2 = −2 only when B1 is of type I
∗
a and γ1 = 0,∀i.
(c) Set B22,1 = −b2. Then
∆1 ·B2 = ∆ ·B2,1 − 1/2 ≥ 1− 1/2 = 1/2.
Since KS = ψ
∗(KS1) and B2 is log extremal, the above inequality implies
0 > (KS1 +∆1) ·B2 = b2 − 2 +∆1 ·B2 ≥ b2 − 3/2.
Thus b2 = 1; furthermore ∆1 ·B2,1 = 1 and (KS +∆) ·B2,1 = 0. 
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Proposition 2.2. Let {E1, E2,1, . . . , Er,r−1} be a string of log extremal curves on
a smooth surface S. (Σ is not necessarily simple normal crossing.) Assume that
∆ · Ej,j−1 is an integer, ∀j and that the string is represented by <n, q>. Then in
the notation of (0.9) we have:
(1) (KS +∆) · E1 = −1 and (KS +∆) · Ej,j−1 = 0 , ∀j, 2 ≤ j ≤ r.
(2) (KS +∆) ·∆ = (KSr +∆r) ·∆r +
1
n − 1.
Proof of Proposition 2.2..
(1) By (5.1), (5.2), (5.5) and (0.4) we have
(KS +∆) · E1 = (α1 + β1)(E1)
2,
and thus 1
f1
−f1
g1
= −1.
Similarly, for any k ≥ 2 we can write:
(KS +∆) · Ek,k−1 = (αk + βk)(Ek)
2 + αk−1 + βk−1 =
−fk
fkgk
+
1
fk−1
= 0.
(2) By (0.11) , (KS +∆) ·∆ = (KSr +∆r) ·∆r +
∑
k αk(αk + βk)(Ek)
2 .
Substituting the expressions for αk and βk derived in 5.3. and 5.5. we have
r∑
k=1
αk(αk + βk)(Ek)
2 =
r∑
k=1
fk − gk
fk
·
1
fk
·
−fk
gk
=
r∑
k=1
−1/gk + 1/fk.
By (0.11)
∑
k(−1/gk + 1/fk) = −(1− 1/n) and thus
(KS +∆) ·∆ = (KSr +∆r) ·∆r − (1− 1/n). 
The following corollary is a particular case of Theorem 2.5.: however, it is also
an immediate application of 2.2.
Corollary 2.3. Let {E1, . . . , Er,r−1} be a Hirzebruch-Jung string of log extremal
curves on a smooth surface S represented by <n, q>. Assume that the string is a
connected component of Σ. Then:
(1) ∆ = (1− grfr )Er,r−1 + . . . (1−
g2
fr
)E2,2−1 + (1−
g1
fr
)E1.
(2) r ≤ 5; <n, q> and (a1, . . . , ar) (the coefficients of {E1, . . . Er,r−1} in ∆) are
described in the table below.∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n q a1 a2 a3 a4 a5
2 1 1/2
3 1 2/3
6 1 5/6
4 1 3/4
4 3 3/4 1/2 1/4
3 2 2/3 1/3
6 5 5/6 2/3 1/2 1/3 1/6
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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Proof. Part (1) follows from 2.2 and 5.5. It follows also that ar = αr = 1 −
gr
fr
= 1 − q
′
n
, where q′ < n and qq′ ≡ 1 mod n. Note that {E1, . . . , Er,r−1} ⊂
Σ and that p singular implies J(Ej) 6= ∞, for every j (see 2.1 ). Hence ar ∈
{1/2, 2/3, 5/6, 3/4, 1/4, 1/3, 1/6} [Kd]. 
2.3 describes the log extremal Hirzebruch-Jung strings which are connected com-
ponents of ΣX/S . The last part of this section contains numerical conditions which,
together with 2.1 and 2.2., describe the contraction of any log extremal string.
Proposition 2.4.
(1) Let E1 be a log extremal curve of self-intersections −b1.
Write ∆ = e1E1 +
∑
ciCi, where each Ci is an irreducible curve, ci and e1
are the rational number described in 0.2.
If (KS +∆) · E1 = −1, then
0 ≤
∑
i
ci(Ci ·E1) = 1− (1− e1)b1 < e1
In particular, b1 ≤ (1− e1)
−1.
(2) Let E2,1 be another log extremal curve such that E1 ·E2,1 = 1 and (E2,1)
2 =
−b2 (the notation is as in 0.9).
Write ∆ = e1E1 + e2E2 +
∑
ciCi. If (KS +∆) ·E2,1 = 0 , then
0 ≤
∑
i
ci(Ci ·E2,1) = 2− (1− e2)b2 − e1
In particular, b2 ≤
2−e1
1−e2
.
Proof. E1 and E2,1 are rational curves, hence: ∆ · E1 = (KS + ∆) · E1 − b1 + 2;
∆ · E2,1 = (KS +∆) ·E2,1 − b2 + 2.
(1) (KS +∆) · E1 = −1⇐⇒ ∆ · E1 = 1− b1 thus
1− b1 = −e1b1 +
∑
i
ci(Ci ·E1) i.e.
1− (1− e1)b1 =
∑
i
ci(Ci · E1) ≥ 0.
In particular b1 ≤ (1− e1)
−1.
(2) Similarly,
e1 − e2b2 +
∑
i
ci(Ci · E2,1) = ∆ · E2 = 2− b2 i.e
2− (1− e2)b2 − e1 =
∑
i
ci(Ci · E2,1) ≥ 0.
In particular b2 ≤
2−e1
1−e2
. 

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Proposition 2.5.
Let {E1, E2,1} be two log extremal curves on the smooth surface S. As in (0.9)
we denote by ψ1 : S → S1 the contraction of E1 and by ψ2 : S1 → S2 the contraction
of E2 . If S1 is smooth so is S2.
Proof. By 2.1 we can assume J(E1) 6=∞.
Denote by e1 (resp e2) the coefficient of E1 (resp E1,2) in ∆ and use the same
notation of 2.4. Since E1 contracts to a smooth point −(b2 − 1) = (E2)
2.
Assume that b2− 1 ≥ 2 and derive a contradiction. By 2.2 (KS1 +∆1) ·E2 = −1
and
∆1 · E2 = −1−KS1 · E2 = −1 + 2− (b2 − 1) = 1− (b2 − 1).
On the other hand, since E1 contracts to a smooth point ∆ ·E1 = 0 and ∆1 ·E2 ≥
e1 − e2 − (b2 − 1)e2. Note also that e1 − e2 ≥ 0. Combining the two expressions for
∆1 · E1 we have:
1− (b2 − 1) ≥ e1 − e2 − (b2 − 1)e2, that is
e1 − e2 ≤ 1 − (b2 − 1)(1 − e2). If b2 − 1 ≥ 2, then e1 − e2 ≤ 2e2 − 1 and thus
e1 ≤ 3e2 − 1. Recall that S is assumed to be simple normal crossing minimal (0.4),
and thus e1 − e3 ≥ 1/3. Combining the two inequalities we get e1 ≤ 3e1 − 2 or
1 ≤ e1, which is a contradiction. 
Proposition 2.5, which depends on 2.1, also implies 2.1 as a particular case.
Now we are ready to apply the previous computation in order to describe the log
extremal curves contracted by ϕ1 and ϕ2.
Recall that:
(1) First Step ϕ1 : S → S1 is the contraction of all log extremal curves to smooth
points.
(2) Second Step ϕ2 : S1 → T contracts all the chains of disjoint Hirzebruch-Jung
curves.
(The case when J has poles on the whole string is considered in (2.1); thus we
can assume that the first curve to contract has J invariant 6= ∞; furthermore, the
first curve to contract is disjoint from the image of the previous exceptional smooth
strings by Prop. 2.5.) S1 is the minimal resolution of T .
Theorem 2.6.
After the first step (1) the possible singularities of ΣX/T coming from contractions
of curves with J 6=∞ are the one listed in Table 1.
After the second step (2) the Hirzebruch-Jung strings which can occur are of type
<n, q> , n ≤ 6.:
Furthermore the type of the corresponding singular fiber are listed in Table 2, 3,
5.
Proof. If J(E1) = ∞ then the statement follows form (2.1). Assume J(E1) 6= ∞.
The application of the contraction algorithm is straightforward and here we work
out only the particular case of e1 = 2/3. Further details are avaliable upon request.
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Recall that we assume S to be simple normal crossing minimal. The notation is
as in 2.4
Case 1: If b1 = 1, then (KS+∆)·E1 = −1 and
∑
ci = 2/3 (2.4). Thus {c1, c2, c3} =
{ 13 ,
1
6 ,
1
6}. Again by 2.4 only C1 can be log extremal. Set C1 = E2,1. Then 0 =
E2,1 ·∆1 =
1
3 +
1
6 +
1
6 .
Case 2: 2 ≤ b1. By 2.4., b1 ≤ 3.
Case 2A b1 = 3. The curve E1 (type IV
∗) has to be a connected component of
ΣX/S1 .
Case 2B b1 = 2,
∑
ci = 1/3. Then c1 = 1/3 (type IV ), or {c1, c2} = {
1
6 ,
1
6}
(types II, II). C1 can be part of a log extremal Hirzebruch-Jung string only if it is
of type IV (2.4, part 2 and 2.2). Set C1 = E2,1. Then b2 = 2 and {E1, E2,1} is a
connected component of ΣX/S1 . 
In the following pages r denotes the length of the string. The roman numbers
denote the type of the singular fiber in the Kodaira classification, while the ara-
bic ones, between parenthesis, are the self-intersection numbers of the exceptional
curves.
The solid (resp. empty) circles represent the curves in ΣX/T which are (resp. are
not) log extremal.
Note that except the < 5, 2 > and < 5, 3 > cases (where the exceptional curves
have selfintersection (-2,-3 ) and (-3,-2)), all the strings of length ≥ 2 are of (−2)
curves.
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3. Examples
Example 3.1 - 3.7.
In the 2 following examples, ζ = e2pii/n is a root of unity and E = C/<1, ζ> a
smooth elliptic curve. Consider X¯ = (C2 ×E)/G, where G = Z/nZ and the action
is specified below. In (1) and (2) S¯ = C2/G has a singular point at the origin and
p¯i : X¯ → S¯ is an elliptic threefold with terminal singularities. Let φ : S → S¯ be the
minimal resolution of S¯ and pi : X → S the resolution of the induced fibration:
X X¯
pi
y p¯iy
S
φ
−−−−→ S¯
(1) Let n = 2, 3, 4, 6 and G = Z/nZ act on (z1, z2, e) ∈ (C
2 × E) as follows:
(z1, z2, e) 7→ (ζz1, ζz2, ζ
−1e).
The exceptional graphs of φ are of type <n, 1> and pi−1(P ) is a singular
fiber with monodromy eingenvalue e2pii(n−i)/n (corresponding respectively
to the Kodaira types I∗0 , IV
∗, III∗, II∗).
(2) Let n = 3, 4, 6 and G = Z/nZ act on (z1, z2, e) ∈ (C
2 × E) as: (z1, z2, e) 7→
(ζz1, ζ
−1z2, ζe).
The exceptional graphs of φ are of type <n,n−1> and the corresponding
divisors of singular fibers are: IV ∗-IV (n = 3); III∗-I∗0 -III (n = 4) and
II∗-IV ∗-I∗0 -IV -II (n = 6).
Example 3.8: q = 1, n = 5.
Let Γ be the rational normal curve in P5 given by the embedding [x, y] 7→
[y5, y4x, y3x2, y2x3, yx4, x5]. Let T be the projective cone over Γ and T˜ its min-
imal resolution with exceptional divisor D.
The automorphism g : [x, y] 7→ [x, ζy] of P1 (where ζ = e2pii/6) induces the
automorphism of the cone:
(z1, z2, z3, z4, z5, z6) 7→ (ζ
5z1, ζ
4z2, ζ
3z3, ζ
2z4, ζz5, z6).
It easy to see that L = {zj = 0}, j = 1, 2, 3, 4, 5 is a line entirely fixed by G, the
group generated by g; D is invariant under G and the unique fixed point P ∈ D
generates a singularity on T˜ /G.
Let ρ : S˜ → T˜ be the blow up at P , with exceptional divisor F˜ (F˜ 2 = −6); D˜ the
strict trasform of D has self-intersection −6. S˜/G is then a smooth surface and D˜/G
can be contracted to a smooth point χ : S˜ → S; furthermore F 2 = χ∗(F˜ )
2
= −5.
We can extend the action of g to T × E by sending e 7→ ζe. The ramification
divisor of the induced fibration pi : X → S is supported on F and L. A computation
in local coordinates shows that the singular fiber are respectively of type II∗ and
II and that X has terminal singularities.
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4. More contractions
Now, the particular goal is to investigate the case of new contractions, and in
particular look for new exceptional graphs. From now on, E is a log extremal curve
on T and Eˆ the strict transform of E on S1.
The curves that can contract now (and could not have been contracted with the
first step ϕ1 : S → S1 and the second step ϕ2 : S1 → T ) belong to the following
classes:
(i) curves E /∈ ΣX/T whose image pass through the singularities of T ,
(ii) curves intersecting 1 or more exceptional graphs, but not part of a Hirzebruch-
Jung string. [These curves are represented by empty cirles in the previous pages.]
The following is an example of case (i).
Example. Let pi2 : X2 → S2 be an elliptic fibration between smooth varieties
(dim(X) = 3); let C ∈ ΣX2/S2 such that pi
−1
2 (p) is a singular fiber of type I
∗
0 , for
general p ∈ C. [In a neighborood of p the local equation for X2 is given by the
desingularization of the Weierstrass equation: y2 = x3 + s2t2x+ s2t2.]
Let ψ2 : S1 → S2 be the blowup of S2 at p with exceptional divisor E2. Denote
by pi1 : X1 → S1 the resolution of the induced fibration. The singular fiber over the
general point of E2 is again of type I
∗
0 .
Let ψ1 : S0 → S1 be the blowup of S1 at the intersection point of E2 with the
strict trasform of C; let E1 be the exceptional divisor and E2,1 the strict trasform
of E2. Denote by pi0 : X0 → S0 the resolution of the induced fibration. The fiber
over the general point of E1 is a smooth elliptic curve.
If KX0 = pi
∗(KS0 + ∆0) (this happens if X0 is the resolution of a Weierstrass
model), then KXj = pi
∗(KSj +∆j) ∀j = 1, 2, Λ1 = ψ
∗
2(Λ2), Λ0 = ψ
∗
1(Λ1)− E1 and
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thus (KS0 + Λ0) · E2,1 = −1 while (KS0 +Λ0) · E1 = 0.
Thus there exists a first log extremal contraction ϕ1 contracting E2,1 to a singular
point and then a second log extremal contraction ϕ2, which contracts E, the image
of E1, to the smooth point p ∈ S. ϕ1 · ϕ2 is a log extremal re-factorization of
ψ1 · ψ2. 
We will show that all the new contraction are of this type; in particular, we prove
that if Ei is contracted by ϕ3 , then (KT + ∆T ) · Eˆi = 0, where Eˆi is the strict
transform of Ei. In particular we will show:
Proposition 4.1. If a curve E is log extremal on T , then E passes through at most
a singular point of T . In particular the contraction of E improves the singularities
and (KS1 +∆1) · Eˆ = 0.
This property will allow us to re-factor ϕ2 · ϕ3, first contracting Eˆi to a smooth
surface S′i1 so that the previous algorithm (2.2 and 2.4) applies. In fact:
If E is a log extremal curve on a smooth surface V such that (E)2 = −1 and
(KV +∆) · E = 0, then
(KV +∆) = ψ
∗(KS1 +∆1) ,
where ψ : S → S1 is the contraction of E.
In particular if (KS+∆)·C ∈ Z, for a 1-cycle C on S, also (KS1+∆1)·ψ∗(C) ∈ Z.
This process thus produces an iterative contraction algorithm; eventually φ is
factored as:
ϕ′ : S → S′ and ϕ′2 : S
′ → S′2 = S¯ ,
where S′ is the smooth minimal resolution of S¯ , ΣX/S′ is not a divisor with simple
normal crossings (if S 6= S′) and ϕ′2 contracts only Hirzebruch-Jung strings.
Again most of the technical details are relegated in §5.
We start with the following:
Definition 4.2. Let E1 = {E11 , . . . Er1,r1−1} . . . Es = {E1s , . . . Ers,rs−1} be s dis-
joint Hirzebruch-Jung strings, as in (0.9), and F a smooth rational curve such that
Erj−1,rj · F = 1 , ∀j, 1 ≤ j ≤ s .
Then F is said to be at the feet of the strings E1 · · · Es.
By inspection on the graphs in Table 2, 3 and 4, and from general consideration,
we deduce the following Remarks:
Remarks 4.3.
(1) If E /∈ ΣX/T , then (Eˆ)
2 = −1 (0.14, part 2).
(2) If E ∈ ΣX/T , then it is always at the “feet” except in the cases at the botton
line of Table 3 (II∗, I∗0 ), and a case in Table 4 (II
∗, IV ∗, IV ).
(3) If E intersects only one exceptional graph at the “foot”, then, by construc-
tion, (Eˆ)2 = −1.
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(4) If (Eˆ)2 = −1, and Eˆ intersects some chain of (-2) curves E, then {Eˆ, E}
contracts to a smooth point.
(5) If Eˆ intersects 2 or more chains of (-2) curves, then (Eˆ)2 ≤ (−3).
(6) E cannot be at the “feet” of 4 or more exceptional curves and being excep-
tional on the minimal resolution (S¯ has at most quotient singularities).
In particular, we need to investigate the case of log extremal curves intersecting
different chains. A crucial ingredient in the proofs is the following:
Lemma 5.6. Let {E1, · · · , Es} be s = 2, 3 disjoint Hirzebruch-Jung strings, and F0
a smooth rational curve at the feet of {E1, · · · , Es}.
Then the image of F0 is not log extremal on T .
Now we consider a log extremal curve E /∈ ΣX/T .
Remark 4.4. Lemma 5.6 implies that if Eˆ intersect more than 1 Hirzebruch string,
then Eˆ must also intersect a Hirzebruch-Jung string Eof lenght r ≥ 2; only the
following cases can occur:
(A) Eˆ intersects at most 1 Hirzebruch-Jung string
(B) E is of type < 5, 2 > and Eˆ intersects 1 other curve of self-intersection ≤ −3
(C) E is of type < 5, 2 > and Eˆ intersects 1 other curve C of self-intersection −2
(D) E is of type < 5, 3 > and Eˆ intersects 1 other curve C of self-intersection ≤ −3
Proof of 4.1.
Case (1): E ∈ ΣX/S . From Remark 4.4. and Lemma 5.5. follows that Eˆ has to
be at the feet of only 1 string of log extremal curves or Eˆ has to be the curve of
type II (as in 4.3, part 2).
In the first case the statement follows from 4.3 (part 3) and 5.10. For the second
case, we obtain the same conclusion using Lemmas 5.7. and 5.9 and checking all
the possible contractions.
Case (2) : E /∈ Σ. Case by case checking (based on Remark 4.4 and applications
of the lemmas 5.6 through 5.10) shows that only case (A) occurs and that (KS1 +
∆1) · Eˆ = 0. 
The following theorems are straightforward consequences of the above results.
All the statements are obtained listing all the possible contractions for the curve
not in ΣX/T or not at the “feet” and using the lemmas to show that only the one
listed can occur.
Theorem 4.5. The graphs listed in Tables 2, 3, 4 are the only possible on the
minimal resolution of S¯. In particular only Hirzebruch-Jung strings can occur. The
intersecting non log extremal curves need not to have simple normal crossings, but
the sum of their coefficient has to equal the sum of the coefficient of the curves
represented by empty circles in the Tables.
Proof. Set φ2 · φ1 = φ
′
2 · φ
′
1, where φ
′
1 denotes the contractions of Eˆ to a smooth
point. Then the algorithm in the second part of Proposition 2.5. still applies (see
note after 4.1). 
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Theorem 4.6.
(KS +∆) ·∆ = [(KS¯ + ∆¯) · ∆¯−
∑
p∈U
(1− 1/np)] ,
where U = {p/p is a singular points of S¯} and the exceptional graph of p is a
Hirzebruch-Jung string of type < np, qp >
Proof. From Proposition 4.1. we know that we can re-factor the contraction mor-
phism, as decribed in §2.1. and that Proposition 2.2. still applies. 
Proposition [G1]. Let pi : X → S be an elliptic fibration between smooth varieties
and Σ a divisor of simple normal crossings. Let n be the dimension of X. Then:
(1) χ(OX) = χ(S, OS(−pi∗KX/S)) + χ(S,OS)
(2) If n = 3 then, χ(OX) = −
(KS+pi∗KX/S)·pi∗KX/S
2 .
Combining the above Proposition with Theorem 4.6 we have:
Corollary 4.7. Assume that all the exceptional curves for φ which are image of
multiple fiber divisors have zero intersection with curves image of non multiple sin-
gular divisor. Then:
χ(OX) = −
1
2
{[KS¯ + φ∗pi∗(KX/S)] · φ∗pi∗(KX/S)−
∑
p∈V
(1− 1/np)},
where V = {p ∈ U such that the fiber over the general point of φ−1(p) is not multiple }.
§5 The Lemmas
Preparation for the first step (Contractions to smooth points.)
The notation is as in (0.11): {E1, . . . , Ek,k−1 . . . Er,r−1} is a string of log extremal
curves on a smooth surface S and ψi : Si−1 → Si , 1 ≤ i ≤ r the contraction of the
log extremal curve Ei ⊂ Si−1.
Proposition 5.1.
KS · Ek,k−1 = ψ
∗
1(K1) · Ek,k−1 = K1 · Ek,k−2 = · · · = Kk−1Ek + βk−1 = βkE
2
k + βk−1
∆ · Ek,k−1 = ψ
∗
1(∆1) · Ek,k−1 = ∆1 · Ek,k−2 = · · · = ∆k−1Ek + αk−1 = αkE
2
k + αk−1
−bk = (Ek,k−1)
2 = · · · = (Ek,2)
2 = (Ek,1)
2
Proof. It follows directly from the definitions.
Lemma 5.2.
(1) (Ek)
2 = −fk/gk
(2) ψ∗k−1(Ek) = Ek,1 + (gk−1/fk−1)Ek−1.
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Proof. ψ∗k−1(Ek) = Ek,1 +µkEk−1, for some rational number µk. Intersecting both
sides of the equation first with Ek−1 and then with Ek,1, we get µk = −1/(Ek−1)
2
and (Ek)
2 = −bk − 1/(Ek−1)
2.
Since (E1)
2 = −b1 = −f1/g1, (1) holds for k = 1. Assuming by induction
(Ek−1)
2 = −fk−1/gk−1 we have (Ek)
2 = − fk
gk
(0.4) and ψ∗k−1(Ek) = Ek,1 +
gk−1
fk−1
Ek−1. 
Lemma 5.3.
(1) βk = (2− bk + βk−1)
gk
fk
, ∀k ≥ 2.
(2) βk = (gk + 1− fk)/fk∀k.
Proof. (1) Since all the curves in the string are rational,
−2 + bk = KS ·Ek,k−1
(0.9)
= βk(Ek)
2 + βk−1 .
Thus βk =
2−bk+βk−1
E2
k
= (2− bk + βk−1)
gk
fk
.
It follows also that β1 = (2− b1)/b1
(0.4)
= (g1 + 1− f1)/f1.
Thus (2) holds for k = 1.
(2) Assume by induction βk−1 = (gk−1 + 1 − fk−1)/fk−1 and prove that the
formula holds for βk. Using part (1), we have:
βk = [2− bk + (gk−1 + 1− fk−1)/fk−1](gk/fk)
βk
(0.10)
= (2gk − bkfk−1 + gk−1 + 1− gk)/fk
βk = (gk + 1− fk)/fk 
Preparation for the second step (Contractions of Hirzebruch-Jung strings.)
Now we consider a string of log extremal Hirzebruch-Jung curves {E1, E2,1, . . . , Er,r−1}
(as in 0.9).
Remark 5.4:
(1) Set ∆ · Ek,k−1 = mk. Then mk is an integer (0.14, part 3), and
mk = ∆1 · Ek,k−2 = · · · = ∆k−2 ·Ek,2 = ∆k−1 · Ek,1 + αk−1 = αk · (Ek)
2 + αk−1.
(2) αk + βk > 0, ∀k.
(3) Consequently, 0 < α < 1, since ∀k βk ≤ 0, and αk < 1 (2.1.).
The goal of the first part of this session is to prove Proposition 2.2, which is part
of the combinatorial data needed for the contraction algorithm.
We need the following lemma.
Lemma 5.5.
(1) αk = 1− gk/fk , ∀k.
(2) αk + βk = 1/fk.
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Proof. (1) The crucial point in the proof of the Lemma is that mk is an integer
(0.14, part 3).
We will show that the Lemma holds for k = 1 and then use induction on k. Set
α1 =
p1
q1
, with p1, q1 relatively prime and
0 < p1 < q1 (5.4);
then m1 = −α1b1 = −p1
b1
q1
(note that m1 < 0) .
Since m1 must be an integer, b1 = lq1, for some positive integer l; hence
α1 + β1 = α1 +
2− b1
b1
> 0 and p1l + 2− lq1 > 0.
It follows that lq1 − 2 < lp1 < lq1 and thus lp1 = lq1 − 1.
Therefore : {
l = 1
p1 = q1 − 1
⇒
{
q1 = b1
p1 = b1 − 1
Hence α1 = (b1 − 1)/b1 = 1− g1/f1 and the lemma holds for k = 1.
Assume by induction αk−1 = 1 − gk−1/fk−1 and write αk = pk/qk, with pk, qk
relatively prime integers and 0 < pk < qk (5.4).
By 5.4 and 5.2. mk = αk(Ek)
2 + αk−1 = −αk
fk
gk
+ αk−1. Then:
mk = −(1/fk−1)[(pk/qk)(bkfk−1 − gk−1) + gk−1] + 1
mk = −(1/fk−1)[(pk/qk)fk + gk−1] + 1.(5.5.1)
mk must be an integer, and thus fk = lkqk for some positive integer lk; 5.5.1 becomes
then:
(5.5.2) mk = −
1
fk−1
(pklk + gk−1) + 1.
By (5.3)
αk + βk > 0⇐⇒ αkfk + (2− bk)gk + (gk−1 + 1− fk−1) > 0, ∀k ≥ 2
that is
pklk + (2− bk)gk + (gk−1 + 1− fk−1) > 0.
By (0.10) this last equation becomes
pklk > bkfk−1 − fk−1 − 1− gk−1;
also lkpk < fk
(5.4)
= bk−1fk−1 − gk−1.
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Combining the last two inequalities we get:
(bk − 1)fk−1 − 1 < pklk + gk−1 < bkfk−1 i.e.
(bk − 1)fk−1 ≤ pklk + gk−1 < bkfk−1.
Since mk is an integer, fk−1 must divide pklk + gk−1 (5.5.2); thus: pklk = (bk −
1)fk−1 − gk−1, that is
(5.5.3) pklk = fk − fk−1
Dividing both side of (5.5.3) by qklk = fk, we have:
αk =
pklk
qklk
= 1−
fk−1
fk
or
αk = 1 − gk/fk.
(2) αk + βk = 1/fk follows from part (1), 5.3. and (0.10). 
Preparation for the third step
First the consider the case of a log extremal curve at the feet of s Hirzebruch-Jung
strings {E1, · · · Es}, s = 2, 3 (see 4.3).
Lemma 5.6. Let {E1, · · · , Es} be s = 2, 3 disjoint Hirzebruch-Jung strings, and F0
a smooth rational curve at the feet of {E1, · · · , Es}.
Then the image of F0 is not log extremal on T .
Proof. We will prove the statement for the case s = 2. The same argument works
for the case s = 3, but the notation is more complicated.
Assume that such a F0 exists and derive a contradiction. The proof is along the
same line of 5.5. (∆ · F0 is an integer and the contraction of the image of F0 is log
extremal.)
Let ψ1 : S → T1 be the contraction of the string E1 and ψ2 : T1 → T2 the
contraction of the string E2. Set Fj = (ψj)∗(Fj−1) and denote by ψ3 : T2 → T3 the
contraction of F2; set KT2 = ψ
∗
3(KT3) + ζF2 and ∆T2 = ψ
∗
3(∆T3) + ηF2.
Then
(KS +∆) · F0 = (η + ζ)(F2)
2 +
1
fr1
+
1
fr2
.
If we set (F0)
2 = −b, it is easy to see that


(F2)
2 = −b+
gr1
fr1
+
gr2
fr2
ζ = [b− 2− (
gr1 − fr1 + 1
fr1
+
gr2 − fr2 + 1
fr2
)]
/
(
gr1
fr1
+
gr2
fr2 − b
)
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That is ζ = −1 +
fr1+fr2
b1fr1fr2−fr2gr1−fr1gr2
. Set η = p/q. Since ∆ · F0 ∈ Z,
1
(fr1fr2)
{
p
q
(bfr1fr2 − gr2fr1 − gr1fr2) + gr1fr2 + gr2fr1}
must be an integer. Therefore bfr1fr2 − gr2fr1 − gr1fr2 = Aq, for some integer A;
thus ζ =
−Aq+fr1+fr2
Aq and
1
(fr1fr2)
{ pA + gr1fr2 + gr2fr1} is an integer.
The singularities are log terminal (ζ > −1), thus Aq is a positive integer. As in
the proof on 5.5 have −ζ < η < 1 and thus: −ζqA < pA < qA, that is
bfr1fr2 − (fr1 + fr2)− fr1gr2 − fr2gr1 < pA < p(bfr1fr2 − fr2gr1 − fr1gr2)
bfr1fr2 − (fr1 + fr2) < Ap+ fr2gr1 + fr1gr2 < bfr1fr2
Since ∆ · F0 is an integer, fr1fr2 must divide Ap+ fr2gr1 + fr1gr2 , and thus such p
and q exist if and only if fr1 + fr2 > f1fr2 . This impossible because E1 and E2 are
Hirzebruch-Jung strings. 
Thus a log extremal curve E can never be at the “feet” of 2 or more exceptional
curves (see also 4.3).
Here starts a series Lemmas and Corollaries which will be used to prove that all
the log extremal curves contracted by ϕ3 (see §2) have self-intersection −1 on the
minimal resolution. Again the notation is as in (0.9).
Lemma 5.7. Let {E1, . . . , Er−1,r} be a Hirzebruch-Jung string and ψ : S → Sr the
corresponding log extremal contraction. Let F0 be a curve on S such that E1 ·F0 = 1.
Set Fr = (ψ)∗(F0). Then:
(KS +∆) · F0 = (KSr +∆r) · Fr +
1
f1
+
r−1∑
k=1
1
fkfk+1
.
Proof. Let ψj : Sj−1 → Sj be as in (0.9.) and set Fj = (ψj)∗(Fj−1). The statement
follows from
(KS+∆) ·F0 = KSr +∆r+(α1+β1+ · · ·+(αk+βk)Ek ·Fk−1+ . . . (αr+βr)Er ·Fr−1
and Proposition 5.2. 
Corollary 5.8. In the hypothesis and notation of Lemma 5.7., let r = 2, 3. Then
(KS +∆) · F0 = 0.
Proof. By 5.7,
0 > (KS +∆) · F0 = (KSr +∆r) · Fr +
1
f1
+
r−1∑
k
1
fkfk+1
.
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(1) r = 2. It’s enough to observe :
1/f1 + 1/(f1f2) = 1/b1 + 1/b1(b1b2 − 1) = b2/(b1b2 − 1) < 1.
(In fact, b2 < (b1b2 − 1) unless b1 = 1; note also that (KS + ∆) · F0 is a
positive integer.)
(2) r = 4. As above we have :
1/f1 + 1/(f1f2) + 1/(f2f3) = [b2b3 − 1]/[b3(b1b2 − 1)− b1] < 1
Lemma 5.9. Let {E1 , E1,2 , E2,3} be a Hirzebruch-Jung string and ψ : S →
S3 the corresponding log extremal contraction. Let F0 be a curve on S such that
E1,2 · F0 = 1 and set: ψ∗(F0) = F3. Then:
(KS +∆) · F0 = (KS3 +∆3) · F3 +
1
f2
+
1
f3
+
f1
f2
Proof. Procede as in the proof of Lemma 5.7. 
The following proposition shows that the strict transform on S1 of any log ex-
tremal curve contracted by ϕ3 has intersection number 0 with KS1 +∆1.
Lemma 5.10. Let {E1 . . . Er−1,r} be as in 2.2. Assume that E is a log extremal
curve on Sr and denote by Eˆ the strict transform of E. Then if Eˆ ·Er−1,r = 1, we
have:
(KS +∆) · Eˆ = 0.
Proof. Without loss of generality (2.2.), we can assume that Eˆ2 = −1 and (KS +
∆) · Eˆ ≥ 0. Since
(KS +∆) · Eˆ = (KSr +∆r)E + αr + βr
we have:
0 > (KSr +∆r)E = (KS +∆) · Eˆ − 1/fr ;
Now (KS +∆) ·E has to be zero, because 1/fr < 1 and (KS +∆) · E ∈ Z. 
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